Symmetries and Noether’s theorem

August 22, 2016

1 Scalar field action and associated symmetries

A theory of the scalar field, ®(x) can be described by the action,

I[®(z)] = /d4az L,
where the Lagrangian £ is a function of the scalar, ® and it’s spacetime derivatives 0, P,
L= L(D(x),5,0(x)).

The integration range is over all space and time.

For the free scalar field, the Lagrangian can be taken to be,

1 1
L= 30,000 — Sm*®. (1)

This form is dictated by Lorentz invariance i.e. the Lagrangian density must be Lorentz scalar
and the funny factors of —% are there so that the kinetic terms come with the right sign and right

factor, e.g. %@2. m is invariant quantity with the dimensions of mass (or energy). Upon quan-
tizing the system, the parameter, m will turn out to be the mass of the scalar field quanta/particles.

The symmetries/invariances of the scalar field action are:
e Lorentz invariance x — 2’ = Az, ®(z) — &' (2') = O(x).

e Translational invariance r — ' = x + a, ®(z) — ’'(2') = O(x).

Check:

e Lorentz invariance is rather obvious because most terms in the action is Lorentz invariant,
d*z, m?, ®*. Even the kinetic term, 9,® 0*®, is because the Lorentz index p is contracted,
viz:

0,0(z) — (92(1)’@') =A," 0,0(x),
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= 0,0(v) 0"®(x) — 0,0'(2")0"®'(2") = A" 0,P(x) A',0"O(x)
= (A7) (M) 0,9(x) 0°0(a)
0% 0,®(x) 0% (x)
= 0,9(z) 0"®(x).

Thus the action

[[&(@)] = / it {—-a' ' (2) Y (a) — %m%'(x)?}
_ / diz [ ()P D(x) — %mzé(:v)ﬂ

= I[®(x

remains invariant.

e Translation invariance is also obvious because the action integral being defined over all space
and time i.e ranges of integration being (—o00, 00), is independent of the origin of coordinates
and there is no explicit dependence on the coordinates, z. What about 9,®. This term seems
to care about the spacetime coordinate through the derivative, 0, = 8%. Actually even this
derivative is independent of the shift in origin because under a shift of origin of coordinates,

r— 12 =x+a,

Conversely,
r=a2 —a
the derivative transforms as
0 0 ox¥ 0
— = )
oxH ox'» ox'* Oxv
J(x” —a”) 0
ox'H ox”
ox" 0
ox'* Oxv

0

:UV

14
“w
0
%.

So the derivative remains unchanged. (Here since a is a constant its derivative vanishes, and

oz’ —a¥) __ 9z
we get = = ax/u)'




2 Complex Scalar field theory

A quick generalization of the free real scalar field theory is obtained by complexifying the field. This
new complex scalar field theory has a new internal symmetry called the global U(1) symmetry
which we will consider as well. Since the action must be real, the action is constrained to be the
following,

I[0(z), @ (z)] = / dix [(@M@)Taﬂcp—m?@*cp . (2)

Here ® is the complex conjugate of ®. The classical equation of motion for the complex field is
same as that of the real scalar field, i.e. the Klein-Gordon equation,

(02 —I—m2) b = (82 +m2) ot = 0.

Upon rewriting this complex scalar field into it’s real and imaginary components,
_ 1 tig o — o1 — 1o
V2 V2
we find out that the complex scalar field theory is a theory of two independent (non-interacting)

real scalar field theory. This is because on splitting the field into its real and imaginary components,
the action splits into two pieces as well,

)

I[®(z), 0 (x)] = / diz [(a@ﬂaﬂ@—m%ﬂ@],

- [ (%fml 0"n — %m%%) + [ (%Ma 02— %m%é)-

2.1 Global U(1) Symmetry of the complex field theory

One can easily check that the complex scalar field theory action Eq. (2) is invariant under multi-
plication by a constant complex phase factor €',

PP = e,
Ol - T = ol (3)

The phase,« is necessarily a real number. Since a complex phase is unitary i.e. the complex
conjugation is also the inverse,
(6—1'04)T — (e—ioz)_l7

such phases are also called U(1) factors (U stands for Unitary matrix and since a number is a 1 x 1
matrix, U(1) is unitary matrix of size 1 x 1). Since this symmetry transformation does not touch
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spacetime but only changes the fields, such a symmetry is called an internal symmetry. Also
note that since « is a constant i.e. not a function of spacetime, it is a global symmetry (global
= same everywhere = independent of spacetime location).

Check: Under the U(1) symmetry Eq. (3), the mass term is obviously invariant,

1P = (@) (e7'®)
= o'

and this is true whether « is a constant or a function of spacetime i.e. a(x). Now let’s look at the
kinetic term,

(0,@") (0"®) — (0,2) (") = 9, (e'*®") " (e D),
= €' (0,07 e’ (0"®)
= (0,97) (o).

So this kinetic term in the action is also invariant because « is a constant and the derivative does
not act on it. If o was a function of spacetime, &« = a(z), the derivative would have acted on it
and the term would not be invariant. Incidentally, a spacetime dependent phase a(x) is called a
local U(1) transformation.

3 Noether’s theorem and conserved charges

We will use Noether’s theorem to construct the conserved charges for the free scalar system.
Recall that Noether’s theorem states that conserved charges only appear for global symmetries
i.e. when the symmetry transformation is same all over spacetime. In the present case, we
see that the parameters A*, and a* are indeed constants and not functions of spacetime. So
Noether’s theorem applies in these cases and tells us that there must be conserved charges. Here
we obtain the expressions for those charges using the so called “Noether procedure”, where we
will temporarily assume that the symmetry parameters are functions of spacetime, i.e. A*, =
A* () = 68 + wt ,(x) and a* = a*(x). Then (to lowest order), the change in the action integral
should be,

5T = / d'z (9,a”) T,

or

ol = /d4a: (Ot ) M*,,.

This form is consistent with our expectation that in the special case when a and w are constants
these expressions must vanish as the action is invariant under the global/constant changes. The
companion coefficient terms i.e. 7%, or M*,, which are some functions of scalar field and it’s
derivatives are the conserved quantities. This can be inferred from the above expressions by a
simple integration by parts and abandoning the total derivative term (we can abandon this term
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under the assumption that the surface term goes to zero at infinity). For example for the translation
invariance: s

5T — / diz (9,0"(z)) T,
= / d'z 9, (a”(v) T",) — / d'z (9,%",) a"(x)
- / d'z (9,%",) a”(x).

Now when we go to the global case, i.e. a” becomes a constant, it can be pulled out of the integral
and we have the expression,

61 = —a” / d'z (0,%")).

Since the first order variation of the action is zero, i.e. when the equation of motion is valid i.e.
for this global a” is zero, the integrand must vanish. The vanishing of the integrand is nothing but
the continuity equation,

&, =0,
in other words, 7", is a conserved current. In the following we use the Noether procedure to
extract the conserved quantities, M**” and T# £” explicitly in terms of ® and it’s derivatives, d,®.

3.1 Translation symmetry and the conserved “Stress-Energy-Momentum”
tensor

The conserved quantity corresponding to translation/shift symmetry of the scalar field system is
called the Stress-Energy-Momentum tensor and is denoted by T*”. We use the Noether procedure
to extract this as follows. First step is to turn the shift parameter to be not global, but instead a
function of spacetime,
a = at(x).
So we have new coordinates,
T — " ="+ d(z).

The Jacobian matrix components for the change of variables, x — z’ are,
ox'*
~ Oav

i.e. it is a sum of the identity matrix and a small change, 0,a*. Hence to first order of the shift,
the Jacobian determinant is,

J", = 6" + ,a",

|J| = 1+ trace(d,a")
= 1+0,a". (4)
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The derivatives transform like,

, ox"
8u—>au = w v
— (5~ Da”) B,
— 9, — ,a" 0,

Now let’s look at the change in ® and it’s derivatives, 9,®. We have,

(o) = B(2),

while,

o
G @) = 5o 0,0()

= 0,P(x) — 9,a” 0,0(x).

Hence the action after the translation becomes,
[0 = / a'' (8 (o), 0,8 ("))

_ / 'z |J| £ (D(x),0,D(x) — Da” 0,0 (x))
oL

_ /d% (1+ 0,a°) {g (®(x),0,9(z)) — 0,a” 8,@(:1:)W

d*x [ L P(2)) + 00" L(P(x),0,P(x)) — 0,a” 0,P(x)

oL

0(0,2(x)

+ O(aQ)]

oL + O(cﬂ)]

= I[®(x)] + /d4 [8 a’ L(®(z),0,P(x)) — d,a” 8V®(w)m} + 0(a?),

This implies, to first order in a

S =T1[0 (") —1[P(x)] = /d4x {8,)&” L(®(z),0,P(x)) — d,a” &,q)(x)a—

= [ o {5;% (B(2),0,(2)) = 0, B(2) 5 —

_ / d*z O,a” T,
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where we have identified the conserved current,

oL
W= — = 9,d(x) — L.
™= sEe (z) — 61L

Raising the v-index we arrive at the expression of the canonical stress-energy-momentum tensor,

wyo oL v v
= (0"®)(0"®) — " L. (7)

We note couple of things about this canonical stress tensor,

e One can go ahead and check that charges corresponding to the current is nothing but the
four-momentum, P*, i.e.

PY = / d>x T,

Let’s evaluate the 00-component i.e. energy density, T,

oL
o _ 95 00
T = a(aoq)(m)a P(x) —n"L
= (0"®(x ‘-,

1 1
— 50u® 0" + P,

1 1 1
= (0y®)* — 3 (Dy®)* + 3 (VO)* + §m?<1>2,
1 1
= 3 (B®)* + 3 (VD)* + —m?>®?

This expression being a sum of squares is manifestly positive. This is reassuring because we
would want a free system to have energy positive semi-definite.

e This tensor is symmetric between the indices, u,r. This is only true for scalar fields. For
the Maxwell field, we will see that the corresponding stress tensor will not be symmetric.

e Note that the stress-energy-momentum is non-unique to some extent. One can always add
a term like, 0y BM* where B is a tensor that has the following antisymmetric properties,

B)\,u,u — _B/J,)\l/'



The new quantity?!,
TH = T 4+ 9 B

is also conserved,
0,T" = 9,T" + 0,00B™" = 0.

For the Maxwell field, one can exploit this ambiguity to define a stress tensor which is

symmetric in the indices, p and v,
™ =T"",

Before we do that we need to first obtain the expression for the charges conserved as a result
of Lorentz invariance.

3.2 Conserved charges for Lorentz symmetry

We use the Noether method to extract the charges conserved as a result of Lorentz symmetry of
the scalar field action. The first step is to make the Lorentz transformation spacetime dependent,

A, — AP ()
In the infinitesimal form we have,
A (z) = o8 + W, (z).

So the Jacobian matrix is,

ox'™
JH, = =0 +wh ,(x) + (0w ,(x)) 2
oxV
and the Jacobian determinant is,
J| = 1+w’,+20,w’,

= 1+ 2P0,w”,. (8)
Under this the scalar transforms like,
O(z) — () = d(x),

while the derivatives transform to,

/ / / 83}”
9,®(z) — 9,0'(2") = w@,ﬁb(w)

= 0,P(x)+w,” 0,2(x) + (Ow,”) 20, (). 9)

IFor those who are interested there is a special “symmetrizing improvement term”, B is called the Belinfante-
Rosenfield term after the two people who independently arrived at the expression. For the Maxwell field we will
see that the variation of action under Lorentz transformation automatically gives us the improved symmetric stress
tensor.



The corresponding change in the action integral is,
[0 = / dh (@ (o), 9,8 (o))

= /d4x (1+ 270,07 ,) L(P(x),0,P(x) +w,” 0,P(x) + (Ouw,"”) 2°0,P(x))
0L(x)
(0, ®())

8£(x) W2
50,0() Ol >]
oL

_ /d%ﬁ(@(m),@@(w)) +/d4a: P07, L+ Do, 20D —E ) 4.+ OR).
9(0,)

_ / d'z (14 290,07 ) [,c (®(x), 3,0 (x)) + w, 3, B()

+ (0w, ") 20,0 (x)

where in the last line steps we have only bothered to show the terms which contain derivatives
of w because the non-derivative terms integrate out to zero. Thus the first order variation in the
action,

I =TI (2")] = I[(x)] = / d'z (rpaow”puaﬂwp”xpaﬁ a(gib))

oL
— 4 p 12y I 0]
/d T Oy @ (77 L 8(@@)8 >

= /d4x Opwp T T

= /d4x Opwy (" TPH — H TP
Thus we have a set of conserved currents for Lorentz transformations,
0,M""? =0, MHP = ghZPY — gV TPr, (10)

This object is antisymmetric in the first pair of indices, i.e. w,r while it is symmetric in the
exchange of the third index, p with any one of the first pair of indices i.e. p or v .

One can check that the charges i.e., L* = [ d*x M*° = [ d*x (z"T% — 2T) are simply the
components of the angular momentum and the boost generators.

3.3 Global U(1) symmetry of complex scalar field

In this case, the first order change in the field and its complex conjugate is,

PP = 0
= (1 —ia+0(a?)®
~ ¢ —iad,
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while the complex conjugate field (o first order in «) changes to,
"~ oF +iadl.
At this point we temporarily assume, « is a function of spacetime,
a = ax).
This implies the change in the derivative of the field,

Mo — P = (P —ia(x) D)
= 0P —i(0M'a) P —ia(z) 0",

and the derivative of the complex conjugate,

9,0" — 9,27 = 9, (P + ia(x)®")
= 0,0" +i(9,a) @' +ia(z) 0,07

The action for the transformed fields is,
e, e = / d's (0, "0’ — m*e/1 |
= / d'z [(0,@" + i (0,a) @ + ia(z) 0,07 (#® — i (0"a) @ — ia(x) O"D)
—m? (' +iad") (¢ — iad)],
~ /d%; (0,0) " — m?01D + i, (210" — 09, 01 |

= 1[0, + /d%a ai (P10 — ©0,07).

So the first order change in the action is,
61 = I[P, @7 —1[P,
= /d4x duvi (P10 — 09,PT).
From this expression we can identify the conserved current corresponding to the global U(1)

symmetry,

=i (20" — ©0,9").

One can easily check that is conserved on-shell (on-shell means the classical equation of motion
holds),

" = i (P0°P — d9*PT)
= i(—P'm*® + Em*PT)
= 0.
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Here we have used the equation of motion,

(82 +m2) b = (82 + m2) of = 0.

4 Free Maxwell Field

The action for the free (i.e. sourceless) Maxwell gauge fields is,

1
I = /d4x L(A,,0,4,), L= — 5 Fw "

Again, the action is symmetric under translations,

r—1 = x+a,
Au(r) = AL (2) = Au(z).
since the integration range is all over spacetime and there is no explicit dependence on x (only

implicit dependence on z via the fields). As a result there exists a conserved current, ", which
can be extracted thru the Noether procedure,

oL
(L2 2. O'A
R TG W At

1 174 loa 124
= I ER T+ FROUA, (11)

Evidently this is not symmetric under p <> v.
Let’s evaluate the energy density component, T%,
T = —}lnoonoF”" + F%°A,
(FOiFOi 4 FyF + FyF) + FOi90 A,
= —%(EQ—BQ) —E-A,
(E°+B%) +E- Vo

1 =

= - (E°+B?) + V. (Ep) — ¢V E.

N~ DN~

The last two terms don’t contribute as one is a surface term and the other is proportional to charge
density via the Maxwell equation, V - E = 4mp. So the energy density is,
1

T =5 (B°+B).
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This is exactly what we obtain in electrodynamics through other means (Newton’s law).

What about the angular momentum and boost generators? Here we need to remind ourselves
that the Maxwell field carries spin-1 hence the angular momentum must get a contribution from
internal spin in addition to orbital term and hence would look different from the scalar example
(10). One can go thru the similar steps, and obtain,

1
ol = 3 /d4x Ouwyp [— (" FFYEFP o — P FFYFY o)) + (" aP L — P a” L)

1
= §/d4x8uw,,p [zf (W L+ FFYFY ) —v < p].

So this last line helps us identify a conserved current, M*"#which are the Lorentz generators
0, MP"" =0,
So we see that the Lorentz generators for the Maxwell field are can be expressed as,
MHMP = gh TP — " THP
in terms of a symmetric tensor, T'
™ = "L+ F'FY,

1
= I Ee T PR, (12)

This tensor is evidently different from the canonical stress tensor for the Maxwell field (11). In the
following exercise you will prove that this symmetric tensor, T"" is a “new and improved” stress
tensor for Maxwell fields i.e. it is conserved and it gives us right expression fro energy density and
momentum density of EM field.

Homework:

1. Check that T" is conserved i.e. it is diveregenceless 9,7"" = 0.

2. Check that indeed components of these coincide with energy density and momentum density
of the Maxwell field, i.e. , 7% = 1 (E? + B?) and 7% = E x B.

3. Check that T is traceless, i.e. TH = 0. 2

2This is a a result of scale invariance of the Maxwell action. A scale transformation is given by scaling all fields
and coordinates by their mass (energy) dimensions 2’ — Az, A, — A"*A,,. The scalar action is not invariant under
this scaling symmetry due to the “mass term” %mQ(/)Q which does not scale properly because m is a parameter and
not a field.
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